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In the previous work we give a microscopic explanation of the entropy for the BTZ black hole
and four-dimensional Kerr black hole based on the massless scalar field theory on the horizon. An
essential input is the central charges of those black holes. In this paper, we calculate the central
charges for Kerr black holes and Kerr-AdS black holes in diverse dimensions by rewriting the entropy
formula in a suggesting way. Then we also give the statistical explanation for the entropy of those
black holes based on the scalar field on the horizon which similar to 4D kerr black hole.
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2I. INTRODUCTION
The Kerr/CFT correspondence [1] is firstly formulated as a duality between extremal Kerr black hole with angular
momentum J and a chiral 2D conformal field theory with central charge c = 12J . Some years later, with the
discovery of ‘hidden conformal symmetry’ [2] which act on the solution of wave function in near-horizon region, the
correspondence extended to Kerr black holes with any values of mass M and J . For a good review, see Ref.[3].
The original Kerr/CFT correspondence has been generalized to higher-dimensional Kerr-AdS black holes [4]. In
D-dimensional spacetimes higher than four, there are N = [D−1
2
] angular momentums, since the black hole can rotate
independently in N mutually-orthogonal spatial 2-plane [5]. It was found that for each rotation there is a 2D CFT.
The central charge is generally different for different rotation.
It was claim by the author that the black holes can be considered as kind of topological insulators [6, 7]. Based on
this claim, in the previous paper [8], the microscopic states of Kerr black hole was given by the quantum scalar field
on the horizon. The central charge is assumed to be c = 12Mr+ for all Kerr black holes.
In this paper, we calculate the central charges for Kerr black holes and Kerr-AdS black holes in diverse dimensions.
Firstly we rewrite the Bekenstein-Hawking entropy formula as sums of Hardy-Ramanujan terms. The central charges
can be calculated from this formula. Then from the boundary scalar field we can give the entropy formula a statistical
explanation based on counting the underling microscopic states.
The paper is organized as follows. In section II, we analyze the Kerr black holes in diverse dimensions. In section
III, the Kerr-AdS black holes are analyzed with the same method. Section IV is the conclusion.
II. HIGHER DIMENSIONAL KERR BLACK HOLE
A. The entropy formula
The general Kerr metrics in arbitrary higher dimensions were obtained in [9, 10]. The Kerr black holes which
include the NUT charges were also obtained in [11]. The situation for odd and even spacetime dimension is slightly
different, so we consider them separately. Firstly we consider the even case D = 2n.
The coordinates is chosen to be (v, r, y1, · · · , yn−1, ϕ1, · · · , ϕn−1), where yi are latitude coordinates and ϕi are
azimuthal coordinates which have periods 2pi. The explicit form of the metric is unimportant for us, so we just omit
it. The horizon is located at r = r+, where r+ is the largest root of the polynomial function
X =
n−1∏
k=1
(r2 + a2k)− 2Mr. (1)
The thermodynamics quantities are given by [12]
E =
(D − 2)MVD−2
8pi
, TH =
1
2pi
[
n−1∑
i=1
r+
r2+ + a
2
i
− 1
2r+
], Ωi =
ai
r2+ + a
2
i
,
SBH =
1
4
VD−2
n−1∏
i=1
(r2+ + a
2
i ) =
1
2
VD−2Mr+, Ji =
aiVD−2M
4pi
,
(2)
where ai are rotation parameters, VD−2 are volume of the unit (D−2)-sphere, and Ωi are angular velocities measured
3in the asymptotically non-rotating frame. They satisfy the so-called Quantum Statistical Relation [12], that is,
E − TS −
∑
k
ΩkJk = TID−2 ≡ Φ = MVD−2
8pi
, (3)
where ID−2 is the action of the Kerr black hole, and Φ the thermodynamic potential.
There are n− 1 independent rotations in the n− 1 orthogonal spatial 2-planes. The following equality is important
γiΦr+ ± Ji =
(r2+ + a
2
i )VD−2
8pir+
M ± Ji = VD−2M
8pir+
(r+ ± ai)2 ≥ 0, γi ≡
r2+ + a
2
i
r2+
. (4)
Just like that in 4D Kerr black hole case [8], for each rotation one can rewrite the entropy as follows
SBH = 2pi
√
N2k−1
6
+ 2pi
√
N2k
6
, (5)
where
N2k−1 =
ck
4
(
(r2+ + a
2
k)VD−2
8pir+
M +Jk) =
ck
4
(γiΦr++Jk), N2k =
ck
4
(
(r2+ + a
2
k)VD−2
8pir+
M −Jk) = ck
4
(γiΦr+−Jk). (6)
From the above equation, we will get the central charge
ck = c =
6Mr+VD−2
2pi
=
6SBH
pi
(7)
for all k.
For Schwarzschild black hole, the central charge is
c =
3rD−2+ VD−2
2pi
. (8)
B. The microscopic explanation
Next we want to give the formula (5) a microscopic explanation. The boundary degrees of freedom of the Kerr
black hole can be described by a BF theory, which can be cast into a massless scalar field theory [8]
S′ =
m0
2
∫
∆
dD−1x
√−ggµν∂µφ∂νφ. (9)
For each rotation k the effect metric on the horizon is assumed to be [11]
d˜s
2
k = −dv′2k + r2+dV 2D−2 = −dv′2k + r2+(
n−1∑
j=1
gjdy
2
j +
n−1∑
i=1
g˜idϕ
2
i ), (10)
where v′k =
v
γk
, gj, g˜i are complicated functions of the (ai, yj).
The massless scalar field φ(v′k, yi, ϕi) has the mode expanding
φ(v′k, yi, ϕi) = φ0+pvv
′+
∑
i
pyif(yi)+
∑
j
pϕjϕi+
√
1
m0A
∑
l>0
∑
mi
√
1
2ωl
[al,mie
−iωlv
′
+imiϕiF (yi)+a
∗
l,mi
eiωlv
′
−imiϕiF (yi)
∗],
(11)
where eimiϕiF (yi) and e
imiϕif(yi) satisfy the Laplace equation on SD−2 with
∆SD−2 [e
imiϕiF (yi)] = −l(l+D − 3)[eimiϕiF (yi)], ∆SD−2 [eimiϕif(yi)] = 0. (12)
4The Hamiltonian for the free scalar field can be written as
Hfree =
m0
2
∫
Σ
dD−2x
√−g(∂0φ∂0φ+ gij∂iφ∂jφ)
= H0 +
∑
l>0
∑
mi
√
l(l+D − 3)
r+
a+l,mial,mi
(13)
where H0 are zero mode contribution and we omit the zero-point energy. In high dimensional spacetime D ≥ 4,
general relativity have local degrees of freedom. So it is natural to consider scalar field with interaction
Hfull = Hfree +Hint. (14)
We can also define the angular momentum operator for each rotation
Ji = m0
∫
Σ
dD−2x
√−g(∂0φ∂iφ)
= Ji0 +
∑
l 0
∑
I
mIi a
+
l,mI
i
al,mI
i
,
(15)
where Ji0 are zero mode contribution.
The scalar field φ(v′k, yi, ϕi) can be considered as collectives of harmonic oscillators, and a general quantum state
can be represented as |pv, pyi , pϕi ; {nl,mi} > where pv, pyi, pϕi are zero mode part, and {nl,mi} are oscillator part.
Here we make an important assumption: the zero mode part and the oscillator part have same energy and angular
momentum. The Kerr black hole with parameters (M,J) corresponds to the zero mode part, thus
< pv, pyi, pϕi ; {0}|Jˆi|pv, pyi, pϕi ; {0} >=
Ji
2
, < pv, pyi , pϕi ; {0}|Hˆifull|pv, pyi, pϕi ; {0} >=
γiΦ
2
. (16)
To move on, we need to know the spectrum of the full hamiltonian Hˆifull. From the equality (4) and the constraints
(19), one can conjecture that the spectrum of the full Hamiltonian is
Hifull = H0 +
∑
l>0
∑
I
|mIi |
r+
a+
l,mI
i
al,mI
i
= Hi0 +
∑
I
|mIi |
r+
nˆmI
i
, mI 6= 0,
(17)
where nˆmI
i
=
∑
l>0 nˆl,mIi
, nˆl,mI
i
= aˆ+
l,mI
i
aˆl,mI
i
are number operators. The angular momentum operator can also be
rewritten as
Jˆi = Jˆ0 +
∑
I
mIi nˆmI
i
, mI 6= 0. (18)
The microstates of Kerr black hole can be represented by |0, 0; {nmI
i
} >. Similar to the 4D kerr black hole, for each
rotation, we require
1
ci
< 0, 0; {nmI
i
}|Jˆi|0, 0; {nmI
i
} >= Ji
2
, (i = 1, · · · , n− 1), 1
ci
< 0, 0; {nmI
i
}|Hˆifull|0, 0; {nmIi } >=
γiΦ
2
, (19)
where ci is the central charge and Hˆ
i
full the Hamiltonian associated with the rotation i. Different sequence {nmIi }
corresponds to different microstate of the Kerr black hole with same (M,Ji).
With quantum number, the constraints (19) can be written as
∑
I
|mIi |nmIi = ci
γiΦr+
2
,
∑
I
mIinmIi = ci
Ji
2
, ∀1 ≤ i ≤ n− 1. (20)
5For each i, we calculate the number of different sequence {nIi }.
The number can be given by the Hardy-Ramanujan formula,
N(Ji) ≃ exp(2pi
√
N2i−1
6
+ 2pi
√
N2i
6
), (21)
with N2i−1 and N2i are given by (6). Thus, the microscopic states of the massless scalar field can explain the entropy
of the Kerr black holes.
Next we consider the odd case D = 2n− 1. The horizon is given by the condition
X =
n−1∏
k=1
(r2 + a2k)− 2Mr2 = 0. (22)
The thermodynamics quantities are given by
E =
(D − 2)MVD−2
8pi
, TH =
1
2pi
[
n−1∑
i=1
r+
r2+ + a
2
i
− 1
r+
], Ji =
aiVD−2M
4pi
,
SBH =
1
4r+
VD−2
n−1∏
i=1
(r2+ + a
2
i ) =
1
2
VD−2Mr+, Ωi =
ai
r2+ + a
2
i
,
(23)
where ai are rotation parameters. The left are the same for D = 2n case. The central charge is also given by the
formula (7).
III. KERR-ADS BLACK HOLES
The generalization to Kerr-AdS black holes in straightforward.
For D = 2n. The coordinates is also chosen to be (v, r, y1, · · · , yn−1, ϕ1, · · · , ϕn−1). The horizon is located at
r = r+, where r+ is the largest root of the polynomial function
X = (1 +
r2
L2
)
n−1∏
k=1
(r2 + a2k)− 2Mr. (24)
The thermodynamics quantities are given by
E =
MVD−2
4pi(
∏
j Ξj)
n−1∑
i=1
1
Ξi
, TH =
1
2pi
[(1 +
r2+
L2
)
n−1∑
i=1
r+
r2+ + a
2
i
− 1−
r2+
L2
2r+
], Ji =
aiVD−2M
4piΞi(
∏
j Ξj)
,
SBH =
1
4
VD−2
n−1∏
i=1
r2+ + a
2
i
Ξi
=
1
2
VD−2Mr+
1
(1 +
r2
+
L2
)(
∏
j Ξj)
, Ωi =
ai(1 +
r2+
L2
)
r2+ + a
2
i
,
(25)
where Ξi = 1− a
2
i
L2
. The thermodynamical potential is given by
Φ = E − TS −
∑
k
ΩkJk =
MVD−2
8pi(
∏
j Ξj)
1− r
2
+
L2
1 +
r2
+
L2
. (26)
Notice the equality
γiΦr+ ± Ji =
(r2+ + a
2
i )VD−2
8pir+Ξi(
∏
j Ξj)
M ± Ji = VD−2M
8pir+Ξi(
∏
j Ξj)
(r+ ± ai)2 ≥ 0, γi ≡
r2+ + a
2
i
r2+Ξi
1 +
r2+
L2
1− r
2
+
L2
. (27)
6One can rewrite the entropy as follows
SBH = 2pi
√
N2k−1
6
+ 2pi
√
N2k
6
, (28)
where
N2k−1 =
ck
4
(
(r2+ + a
2
k)VD−2
8pir+Ξi(
∏
j Ξj)
M + Jk) =
ck
4
(γiΦr+ + Jk),
N2k =
ck
4
(
(r2+ + a
2
k)VD−2
8pir+Ξi(
∏
j Ξj)
M − Jk) = ck
4
(γiΦr+ − Jk).
(29)
It gives the central charge for rotation k
ck =
6Mr+VD−2
2pi
Ξk
(1 +
r2
+
L2
)2(
∏
j Ξj)
=
6SBH
pi
1− a2k
L2
1 +
r2
+
L2
. (30)
IV. CONCLUSION
In this paper, we study the central charges of Kerr black holes and Kerr-AdS black holes in diverse dimensions.
After rewriting the entropy as a suggestive form, we give the central charges (7) and (30) for Kerr and Kerr-AdS black
hole respectively. We also give a microscopic explanation of this entropy based on the quantum states of the interact
scalar field on the horizon. One important conjecture is about the spectrum of the full Hamiltonian for each rotation
(17). This special form may give some clues for microscopic dynamics of black hole.
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